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Direct Numerical Simulation of Leading-Edge
Receptivity to Sound
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Numerical simulations of leading-edge acoustic receptivity are performed for a flat plate with a modified-super-
elliptic leading edge. For small freestream amplitude the agreement between branch I receptivity coefficients
predicted from the direct numerical simulation (DNS) and the experiments for acoustic waves at zero incidence
is excellent. The effect of angle of incidence of the impinging wave is investigated and found to produce higher
receptivity coefficients than in the symmetric case. The slope of leading-edge receptivity coefficient vs angle of
incidence of the impinging wave is found to be less than % of the slope predicted by zero-thickness flat-plate
theory. However, there is excellent agreement between the DNS and finite-nose-radius theory. These results clearly
demonstrate the importance of including the effects of the finite nose radius in any receptivity study. Finally,
downstream of the leading-edge region linear stability theory is found to reproduce accurately the characteristics
of the instability waves. At higher freestream forcing, an instability wave generated by nonlinear interaction is

found at double the frequency of the forcing.

I. Introduction

RANSITION in wall-bounded shear layers occurs because of
an incipient instability of the basic flowfield, which depends
intimately on subtle, and sometimes obscure,details of the flowfield.
In other words, the wall-bounded shear layer is an open system.
Disturbances in the freestream, such as sound or vorticity, enter
the boundary layer as steady and/or unsteady fluctuations of the
basic state. This part of the process, called receptivity, provides
the vital initial conditions of amplitude, frequency, and phase for
the breakdown of laminar flow.! -3
External disturbancescommon to the flight environmentare typi-
cally eitheracousticor vortical. For a given frequencyneitheracous-
tic waves nor vortical disturbances contain a wavelength that coin-
cides with the instability generated within the boundary layer. Thus
in this case some mechanism for transferring energy from a much
longer wavelength wave to a relatively small wavelength instability
wave must exist. Therefore a properunderstandingof the receptivity
process will include proper characterization of the external distur-
bance environment, as well as an understanding of both the mech-
anisms for the transfer of energy among different wavelengths and
the effects of different disturbance environments. Detailed studies
will also show how different geometries affect the process and how
fluid properties such as Reynolds number and Mach number affect
receptivity. Characterization of the external environment includes
the wavelength and frequency spectrum of incoming disturbances.
For acoustic waves the orientation of the acoustic wave with re-
spect to the geometry is an important characteristic. For vortical
disturbances the orientation, i.e., streamwise, normal, or spanwise
or some combination, and the amplitude all play a role.
Theoretical investigations into acoustic receptivity have identi-
fied mechanisms for the transfer of energy among disparate wave-
lengths. In the research of Goldstein $ receptivity to acoustic waves
impinging upon a flat-plate geometry at zero angle of incidence was
investigated. Referring to Fig. 1, the primary mechanism for trans-
ferring energy is the relatively rapid growth of the mean boundary
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layer and the associated pressure gradients near the stagnationpoint.
The investigations were performed using the linearized unsteady
boundary-layer equation (LUBLE), which is a parabolic equation
and therefore conducive to less costly numerical methods. Energy
from the external disturbance environmentis transferred to stream-
wise decaying eigenfunctions whose wavelength decreases as the
flow progresses downstream. Thus, a process by which long wave-
lengths become shorter wavelengths is found in these so-called
Lam-Rott eigenfunctions’ The Lam-Rott eigenfunctions match
ontothe high-Reynolds-numberapproximationto the linearinstabil-
ity wave solution (i.e., the Tollmien-Schlichting wave solution) far-
ther downstream®; therefore,if one knows the amplitude of the Lam-
Rott eigenfunction, the amplitude of the instability wave down-
stream is known. Goldstein et al.} and Heinrich and Kerschen’ cal-
culated leading-edgereceptivity coefficients for various freestream
disturbances.Goldstein'® and Goldstein and Hultgren'' alsoshowed
that discontinuitiesin slope or curvature in the geometry also pro-
vide a mechanism for acoustic receptivity. Regions where surface
irregularities exist promote small-scale variations of the mean-flow
boundary layer, and therefore the mechanism is very similar to the
flat-plate case with no surface irregularity.

The preceding results apply to a zero-thickness flat plate.
Hammerton and Kerschen'?' 13 extend the analysis to account for a
finite-thicknessand curved leading edge by consideringa parabolic
geometry. The analysis is formulated to provide insight into the
effect of nose radius, an effect presentin any manufacturablegeom-
etry. The Mach number and the amplitude of the impinging acoustic
disturbance are considered to be small so that the mean-flow pres-
sure field can be computed with incompressible theory. The mean
flow is two-dimensionaland symmetric. Lam and Rott'* generalized
their eigenfunctionsto account for arbitrary streamwise variationin
the mean flow, and Hammerton and Kerschen'? show that their ex-
pressions are in agreement with these more general results. The
relevant parameter is the Strouhal number based on the nose radius
St,. The results of this work show that the receptivity coefficient is
nearly unity when the nose radiusis zero and decreases dramatically
with increasing nose radius. The receptivity coefficient is shown to
increase with increasing angle of incidence of the acoustic wave.
Hammerton and Kerschen'® consider the small-Strouhal-number
limit. For freestream acoustic waves at zero incidence, the receptiv-
ity is found to vary linearly with Strouhal number, giving a small
increase in the receptivity coefficient relative to that for the flat-
plate case. However, for oblique waves the receptivity varies with
the squareroot of the Strouhal number, leading to a sharp decreasein
the amplitudeof the receptivity coefficient compared to the flat-plate
case.
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Fig. 1 Regions of validity for disturbance equations. Here € = F u s,
where F = wv/U?, U is the freestream speed, and w is the frequency of
the acoustic wave.

A leading edge with finite curvature and thickness has been
shown to produce instability waves. Experiments in leading-edge
receptivity have shown that great care must be taken in order
to produce results that are comparable to theory and numerical
simulation.!® The very small amplitudes upstream are not detectable
in the experiments, and the instability waves can only be measured
after significant growth has occurred. However, once the amplitude
of an instability wave has been determined downstream, one can use
linear stability theory (LST) to provide amplitudes in the leading-
edge region.

Numerical simulations of receptivity have provided a database
of results that clarify issues in receptivity and can be used to re-
fine experimental procedures. One of the most important results is
that the amplitudes of the generated instability waves scale linearly
with the acoustic forcing amplitude when the forcing amplitude is
less than 1% of the freestream speed.'® Receptivity caused by sur-
face irregularities or discontinuitiesin curvature such as those that
exist when an ellipse is joined to a flat plate has been accurately
simulated.!® When the curvature discontinuity at the juncture of an
ellipseand a flat plateisremoved, the instability wave amplitudesde-
crease by more than half. Numerical simulations have also affirmed
that smaller nose radii produce larger leading-edgeinstability-wave
amplitudes.!” Recentdevelopments'® have shown promise for the in-
vestigationof receptivity in three-dimensionalflows, whichis likely
to be quite different from two-dimensional flows.

II. Numerical Method

In the research presented here the focus is upon acoustic waves
impinging upon an elliptic-type leading edge joined to a flat plate.
Numerical simulations are conducted to examine the effect of an-
gle of incidence, frequency, and amplitude of the incoming acous-
tic wave. The simplified geometry lends itself to comparison with
experimental and theoretical investigations while retaining the ge-
ometric properties, pressure gradients, and mean-flow boundary-
layer adjustment that promote the wavelength conversionnecessary
for receptivity to occur. The discontinuity at the juncture of the el-
lipse and the flat plate is eliminated by using a modified superellipse
(MSE) in order to concentrate on the effects of the finite-curvature
and finite-thicknessleading edge. All of the simulationsare for two-
dimensional incompressible mean flows and disturbance solutions.
The research presented here focuses on the effects of different dis-
turbance environments by varying the properties of the impinging
acoustic wave. It is hoped that by clarifying these effects that the
understandingof the receptivity process is enhanced and the results
provide a basis for further investigation.

The two-dimensional incompressible Navier-Stokes equations
are castin a stream-functionivorticity form and solved in a general-
curvilinear-coordinae system using the Modified Strongly Implicit
Procedure (MSIP).' The disturbance equations are formulated by
assuming a solution composed of a linear combination of the steady
basic state and a time-dependent perturbation.

The geometry of interest is an MSE'S leading edge attached to a
flat plate. The MSE is given by

(1 —x/AR)?*O/AR? 432 (1)

where lengths have been nondimensionalized with the half-
thickness of the plate. Examining this equation,at x =0 (upstream-
most point of the geometry) the exponent is the same as a normal
ellipse and becomes cubic as we approach the flat-plate juncture
at x =AR. This variation allows for continuous curvature at the

flat-plate/leading-edge juncture. Therefore the receptivity mecha-
nism predicted by Goldstein'® and Goldstein and Hultgren'! and
found by Lin et al.'® at a point of discontinuous curvature will not
be present in the simulations, thus allowing the focus to be on the
leading edge.

Both a hyperbolic orthogonal and a body-intrinsic grid generator
were formulated. The body-intrinsic scheme generated a grid that
was just as orthogonalas the hyperbolicgeneratorto within the trun-
cation error of the hyperbolic scheme. Because the body-intrinsic
generator was more computationallyefficient in both CPU time and
RAM, it was used to generate the grids. Grid points were densely
clustered near the surface and leading edge of the geometry.

Proper selection of boundary conditions is important for the nu-
merical solution of the governing equations. On the solid-surface
boundary no-slip and no-penetration conditions are imposed. The
far-field boundary conditionsare imposedas velocity boundary con-
ditions. For the basic-state calculations the inviscid values of veloc-
ity are computed from a panel code. For the disturbance calcula-
tions a time-periodic velocity fluctuation is imposed. By doing so
we model the acoustic wave as an infinite-wavelength disturbance.
This near-field condition assumes that the wavelength of the acous-
tic wave is much longerthan the extent of the computationaldomain,
which is true when the Mach number is sufficiently small.

As a result, for the disturbance equations a truncated Fourier ex-
pansionin time is then assumed for the perturbation. The expansion
is made in multiples of the forcing frequency. This results in a cou-
pled set of nonlinear steady complex equations. The advantage with
this set of equationsis that it does not require marching the solution
forward in time as would be required with the usual time-dependent
equations. The solutions are brought to steady state, and solutions
for all time are retrievable by recomposing the Fourier series. The
Fourier expansion in time also lends itself to a coarse-grain paral-
lelism.

When traveling waves are present, the solution may be cor-
rupted by the waves reflecting off an ill-posed outflow boundary.
The buffer-domain technique used is similar to that of Mittal and
Balachandar?® In this technique the streamwise diffusion terms in
the vorticity-transportequation are multiplied by a coefficient that
exponentially decays to zero with increasing streamwise distance
within a buffer zone appended to the domain downstream. The co-
efficient has the form
cosh(x) — cosh(x)

7 (@71, = @)

cosh(x,) — cosh(xg)

faz =exp[—

where x, and x, represent the streamwise locations of the beginning
and end of the buffer domain, respectively. The buffer-zone param-
eters used in these simulations were y =40.0 and 8 =1.4. This
technique causes the vorticity-transport equation to become con-
vectively dominated in the streamwise direction within the buffer
domain. Solutions within this buffer domain are not physically cor-
rect. The length of the buffer domain Ly is typically on the order of
two to four disturbance wavelengths. In following sections studies
are shown that ensure the solution is independent of the length of
the domain and the buffer-zone parameters.

The outflow-boundary conditions were chosen to be compatible
with the buffer-zonetechnique. The second derivativesof the depen-
dent variables with respect to the streamwise direction were set to
zero. For the basic-state calculations no buffer zone was necessary
because the solution has no traveling waves that could reflect from
the outflow boundaries. However, to ensure compatibility with the
disturbanceequations, the buffer zone was implementedin the basic
state and found to have no discernibleeffect on either the basic-state
or the disturbance solution.

III. Results

Acoustic leading-edgereceptivity on an MSE connected to a flat
plate is investigated by direct numerical simulation (DNS). The ef-
fects of frequency, forcing amplitude (both linear and nonlinear),
and angle of incidence of the impinging acoustic wave are investi-
gated.

Unless otherwiseindicated, the simulationsare conductedaround
the baseline case of a 1) 6:1 MSE at Reynolds number 2.4 X 103
based on plate half-thickness L and freestream speed U, 2)
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Fig. 3 'Wall vorticity for different grids and far-field and outflow-
boundary locations: Re = 2.4 X 10>, 6:1 MSE.

freestream forcing amplitude normalized with U of A,. =1%, and
3) nondimensional frequency of F =86 X107° (F =wv/ U?, and
o is acoustic-wave frequency).

A. Basic-State Solutions

A typical C-grid was used with the grid clustered toward the
surface and also toward the stagnation point. Care was taken to
ensure that the grid had no discontinuitiesin the metric coefficients.
Computing the term (&, 7, + &, 7,), which is zero for an orthogonal
grid, shows that a maximum value of 2.41 X 1073 was attained near
the stagnation point for a 600 X 100 grid. This value decreased with
increasing grid sizes.

The inviscid flowfield was computed using a doublet panel code.
The code does not impose a Kutta conditionand thereforeis invalid
for plates that produce lift. A comparison of the pressure coeffi-
cient with the experiments of Saric and White*' on a 40:1 MSE is
shown in Fig. 2. The excellent agreement between the experimen-
tally measured pressure coefficient and the numerically determined
coefficient is caused by the extensive care taken in the experiment
to provide a comparison with the numerical simulations.

The basic-state solution is computed using the full two-
dimensional incompressible Navier-Stokes equations in a general-
curvilinear-coordinae system. Grid studies were performed to en-
sure that convergence of the correct solution has been achieved.
Figure 3 shows the basic-state wall vorticity as a function of x for a
6:1 MSE at a Reynolds numberof 2.4 X 10° for different grid sizes.
Here the basic-state stagnation point is located at x =0 and y =0,
and the juncture of the MSE and the flat plate is located at x =6
and y =1. The basic-state solution with a grid size of 600 X 100 is
indistinguishablefrom the 1200 X 200 grid-size solution (to within
the truncation error of the 1200 X 200 grid). The rapid rise of wall
vorticity near the stagnation point is well resolved, and the wall
vorticity approachesthe Blasius values downstreamin the flat-plate
region of the flow. The location of the far-field boundary has been
investigatedto ensure thatthe solution is independentof its location.
A distance of 10 units from the surface of the plate was found to be
acceptable for the far-field boundary.

B. Disturbance Calculations

The disturbance calculations were performed using the MSIP
method. Because the equations are a set of steady, complex equa-
tions, care must be taken to ensure that no spurious wave reflections
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Fig.4 Complex polar plot of Fourier coefficient of streamwise velocity.

from the outflow boundary are present. In addition, because the am-
plitudes of the instability waves near branch I have small amplitude,
one must ensure that the waves are adequately resolved by proper
grid studies and examinations of the truncation error.

1. Decomposition Technique

The solution of the disturbanceequations contains both a Stokes-
wave solution and an instability wave. Because we are interested in
the transfer of energy from the acoustic wave to the instability wave,
it is necessary to separate these two solutions by taking advantage
of the differences between them. The Stokes-wave solution has a
very long wavelength and much higher phase speed as compared to
the instability wave. Wlezien?? proposed the following method for
decomposing these two solutions:

1) Decompose the time-domain solution into a Fourier coeffi-
cient. For the solutions presented here this step has already been
performed. If one were running an unsteady code, then sampling
over several time periods must be performed.

2) Sample points over several instability wavelengths in the
streamwise direction at a constant height from the plate. For these
calculations streamwise velocity was the sampled quantity because
it is typically the quantity measured in the experiments.

3) At each streamwise location calculate the relative phase and
amplitude and plot in the complex plane. A representative plot of
this step is shown in Fig. 4.

Because the phase and amplitude of the Stokes wave are relatively
constantover several wavelengths of the instability wave, decompo-
sitionis possible. A vectordrawn to the center of the spiral shownin
Fig. 4 represents the amplitude and phase of the Stokes wave. The
decaying spiral (in this case, because the locations are upstream of
branch I of the neutral stability curve) represents the amplitude and
phase of the instability wave. By computing the radius of curvature,
one may extract the amplitude of the instability wave as a function
of the streamwise distance. In addition, derivatives of the phase in
the streamwise direction give the wave number. Accurate decom-
position of the instability wave depends on the phase and amplitude
variations of the Stokes wave being much smaller than those of the
instability wave.

Near the stagnation pointit is not the case that the phase and am-
plitude of the Stokes wave are relatively constantin the streamwise
direction.Local pressure gradientscaused by the finite thicknessand
curvature of the leading edge modulate the amplitude and phase of
the Stokes wave in such a way as to be indistinguishable from the
variation of the instability wave, and therefore this decomposition
technique fails in this region.

2. Linear Calculations

In earlier numerical investigations for small forcing amplitudes,
the linearized disturbance equations are the proper governingequa-
tions. The advantage in using the linearized disturbance equations
is that they are significantly simpler to solve than the nonlinear dis-
turbance equations because the equations may be solved for single-
mode solutions.
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The simulationsperformed here are done with the following goals
in mind:

1) Provide comparisons with LST to ensure that the solution re-
tains the correct physics.

2) Investigate the effect of incidence angle on receptivity in or-
der to compare with the findings of Heinrich and Kerschen’ and
Hammerton and Kerschen.!”

Symmetric calculations. For mostof the calculationsin this sec-
tion, a planar acoustic wave impinging upon a 6:1 MSE at zero inci-
dence angle is simulated. The Reynolds number in these cases was
2.4 X 10%, correspondingto the experimentalconditionsof Saric and
White?': a freestream speed of 8.6 m/s with a plate half-thickness
of 4.8 mm.

Grid studies were performed to ensure that the solution was re-
solved. The length of the buffer domain was varied to ensure the
solution was independent of this parameter. Also, the buffer-zone
parameters were varied to ensure theirindependence.Figure 5 shows
the disturbance wall vorticity for several grid sizes, buffer-domain
lengths, and buffer-domain parameters. Once again the solutions
contain only negligible differences between the 600 X 100 and the
1200 X200 grid. The buffer zone length of 20 units is found to be
adequate for preventing wave reflection in this case. The location of
the beginning of the buffer domain is x, =80.0.

At the frequencies modeled the branch I locations of the neu-
tral stability curve are within the buffer region. Because solutions
are not physicalin the buffer region, LST is used to extrapolate the
receptivity coefficients to their values at branch 1. Because this tech-
nique is used, it is important to show that the solutions downstream
are in fact governed by LST. The growth rates were computed from
theory using the numerically determined basic state. Derivatives
of the decomposed phase were taken to find the wave numbers in
the numerical solutions. Comparisons of wave numbers and growth
rates between DNS and LST are shown in Figs. 6 and 7. As can
be seen from the figures, the wave numbers and growth rates are
well predicted by LST downstream of the leading edge. Compar-
isons further upstream in the leading-edge region are problematic
because the decomposition technique itself breaks down there.

Branch I receptivity coefficients were obtained for a range of fre-
quencies. For example, the values obtained for both a 6:1 and 20:1

Table 1 Branch I receptivity coefficients for multiple
frequencies as predicted by DNS and compared with the
experiments of Saric and White?!

Ky

6:1 MSE 20:1 MSE 20:1 MSE
F x10° DNS DNS experiment
80 0.0030 —_ —_
82 0.0030 0.048 0.050
84 0.0031 0.048 0.050
86 0.0032 0.048 0.050
88 0.0033 —_ —_
90 0.0034 —_ _

_O(i

Fig. 7 Comparing growth rates from DNS and LST: F =86 X 10~ ¢,
Re=2.4 X103, 6:1 MSE.

MSE are contained in Table 1; the 20:1 geometry is included for
comparison with the experiments of Saric and White.?! The recep-
tivity coefficient K here is defined as the amplitude of the instability
wave at branch I of the neutral stability curve divided by the am-
plitude of the incident acoustic wave. The receptivity coefficients
have been extrapolated downstream from the numerical results by
using LST. The amplitude of the instability wave was taken at its
maximum absolute value within the boundary layer after decom-
posing using the method just presented. Within the limited range of
frequency sampled, the results of the numerical simulations show
no significant variation. The agreement between the computations
and the experimentis excellent, and we conclude that each validates
the other.

The results of Haddad and Corke'” show that the leading-edgere-
ceptivity coefficient has a value of approximately 0.47 for a Strouhal
number of 0.01, based on the nose radius (which is the value in
the present numerical simulations). In the theoretical results of
Hammerton and Kerschen,!? the leading-edge receptivity coeffi-
cientis found to be nearly unity. In the present simulationsthe value
of the receptivity coefficient at an x location (x =4.8) of % the
wavelength of the associated instability wave (which represents a
distance based on the hydrodynamic length scale U/ o of approxi-
mately unity) compares well with the theoretical results, predicting
a leading-edge value of approximately 0.75. Here LST was applied
to the basic-state solutions upstream of x =10 and growth rates in-
tegrated to estimate the receptivity coefficient at x =4.8. Note that
x =10 is downstream of the juncture, although care was taken in
the use of the MSE to provide continuous curvature there.

Observation. In trying to do these comparisons for leading-edge
receptivity coefficients, certain difficulties arise. Uncertainty exists
in the DNS (and experiments) in the choice of streamwise loca-
tion in the leading-edge region at which the amplitude should be
sampled for comparison with the asymptotic theory. Moreover it is
often difficult to make direct leading-edge measurements in an ex-
periment because of the scales involved and to separate the Stokes
wave from the instability in the DNS in the leading-edge area be-
cause both exhibit variation on similar streamwise length scales.
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Fig.9 Leading-edgereceptivity coefficient as function of acoustic angle
of incidence (in degrees). Theoretical results of Heinrich and Kerschen®
are for zero-thickness flat plate at freestream Mach number M =0.01.
DNS results are for F=86 X 10~ %, Re =2.4 X 103, 6:1 MSE.

Consequently, in the present DNS we extrapolated LST forward
to x =4.8 for the qualitative comparison. These problems are re-
moved when the receptivity coefficient is based on branch I results,
asis seenin the preceding paragraphdescribing the straightforward
and quantitative comparison between DNS and the experiments.
Branch I is unambiguous,and we recommend that the standard def-
inition of receptivity coefficient be based on it, especially to aid the
community in the evaluation of differenttheories and numerical and
experimental methods in the prediction of receptivity.

Nonsymmetric calculations. Acoustic waves impinging upon
the plate at angles of incidence oy, were investigated. The numerical
far-field boundary condition in the disturbance calculation is modi-
fied to include a normal component of the velocity oscillation. This
effectively changes the angle of incidence of the impinging acous-
tic wave. The basic-state solution remains at zero angle of attack.
Because the flowfield is no longer symmetric, the full domain must
be computed. An oblique acoustic wave causes small-amplitude
motion of the stagnation point and thus introduces a small vertical
component of velocity at the leading edge. The far-field boundary
location and buffer-zone parameters are systematically varied to
show invariance of the numerical solution.

The amplitudes of the instability waves are decomposed from
the Stokes-wave solution in an identical manner as the preceding
symmetric calculations. Figure 8 depicts the change in amplitude as
the angle of incidence of the acoustic wave is increased. The decay
of the instability is nearly the same as the zero-incidencecase and is
well predicted by LST in regions downstream of the leading edge.

Values of the leading-edgereceptivity coefficient for differentan-
gles of incidence are determined and plotted in Fig. 9. Once again,
the decompositiontechnique is not valid in this region, and the am-
plitudes are found by extrapolatingusing LST. The nondimensional
wavelength (based on the half-thickness of the MSE) is approxi-
mately 10. Plotted in this same figure are the results of Heinrich
and Kerschen” As can be seen, there is an increase in the recep-
tivity coefficient with increasing angle of incidence but at a much
smaller rate than that predicted by this theory for the zero-thickness
flat plate. The slope of the increase in receptivity for the DNS is ap-
proximately 0.15, whereas that predicted by Heinrich and Kerschen

is approximately 0.65. Therefore the DNS predicts a slope of less
than % of the slope predicted by this theory.

A comparison with the finite-nose-radius theoretical results of
Hammerton and Kerschen'? shows much more encouraging results.
The Strouhal number based on nose radius for the present simu-
lations is 0.01, and Hammerton and Kerschen!® point out that the
asymptoticresults for small Strouhal number do not apply. Because
we are dealing with very low Mach numbers, the results for reduced
acoustic frequency

k=owb/lc <1 3

are applied. Here b is the airfoil semichord, and ¢ is the speed
of sound. In other words, the acoustic wavelength is long not only
comparedto the hydrodynamiclengthscale U/ o, but also compared
to the airfoil chord. From Egs. (4.3) and (4.9) in Hammerton and
Kerschen,!? the leading-edge receptivity coefficient is defined as

Ci(St,, o) =08t Co(St) + a? sin e Co(St,)  (4)

Here C; and C, are the symmetric and antisymmetric components
of the receptivity coefficient, and a =wb/ U is the aerodynamic
reduced frequency. For the present geometry and freestream condi-
tions U/ @ =4.8 inunits of plate half-thickness,and S¢, =0.01 based
on nose radius. From Figs. 4 and 5 of Hammerton and Kerschen,'?
the following values are predicted:

IC,| =1, arg C, =0.677

|C./C,| =4.9, arg(C,/Cy) =0.2n 5)
Itis difficult for us to determine a precise value for a because our ge-
ometry is semi-infinite in the downstream direction. Per Hammerton
and Kerschen'? the following condition must be satisfied in order
that their local expansion of the thickness distribution for an airfoil
with a rounded leading edge of radius r,, be valid:

b/L =O(L/r,) (6)

Satisfying the strict equality of Eq. (6) puts our trailing edge far
downstream at x =40 in units of half-thickness (away from the in-
fluence of the leading edge) and suggests the calculation be done
for a value of a =4.1. This value gives the comparison shown in
Table 2. The agreementis excellent for the range of small incidence
angles investigated (0-15 deg) and (comparing with the poor agree-
mentin Fig. 9) clearly demonstrates the importance of including the
effects of the finite nose radius in any receptivity study. (A compar-
ison with Haddad and Corke!” is not possible because, not only was
their wave at incidence, but also their basic state.) Our definition of
a was becauseour geometry was semi-infinite and would need to be
verified for larger incidence angles. Also, to study higher incidence
angles (up to 180 deg) would likely necessitate the use of a finite
body.

3. Nonlinear Calculations

In the nonlinear simulations for large-amplitude A,. freestream
disturbances, a master-slave parallel virtual machine code is used
to generate solutions more efficiently. The coarse-grain parallelism
present in the Fourier-decomposed disturbance equations lends it-
self well to computers with a small number of very large processors
ina shared-memoryenvironment. Grid-convergencestudies are per-
formed, and the number of frequencies was doubled to ensure the
solutionwas independentof the number of frequencies(see Fig. 10).

Table2 Leading-edge receptivity coefficients for
various incidence angles as predicted by DNS and
compared with the finite-nose-radius theory of
Hammerton and Kerschen!?

Oy, deg C; DNS C| theory
0 0.75 1.0
5 1.3 1.8
10 2.1 2.6
15 3.2 3.4
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Fig. 10 Disturbance wall vorticity for fundamental frequency and
superharmonic on two different grids: F=86 X 10~ %, Re=2.4 X 103,
Aae =1%, oy =0 deg, 6:1 MSE.
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Fig. 11 Growth rates from DNS compared with LST for nonlinear
calculations: F =86 X 107 %, Re =2.4 X 103, A,c =1%, g =0 deg, 6:1
MSE.
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Fig. 12 Streamwise Fourier amplitude at nonlinear forcing ampli-
tude of 5.0%: F=86 X107 %, Re=2.4 X 10, Ay =5%, e =0 deg,
6:1 MSE.

At 1% freestream forcing and zero angle of incidence, an instability
wave generated by nonlinear interaction was found at double the
frequency of the forcing. This superharmonic was found to grow
at the branch I location (x =25) predicted by LST for the dou-
bled frequency (Fig. 11). The amplitude of the superharmonic was
O(10™%), which corresponds to the square of the forcing amplitude.
However, because the fundamental-frequencysolutiondecaysin the
computational domain and the superharmonic grows, the superhar-
monic dominated the fundamental-frequency solution in a region
downstream of the leading edge. Further downstream, for these ex-
perimental conditions the superharmonic decayed again (branch II
at x =83) and had negligible amplitude at the branch I location
(x =95) of the fundamental-frequencyinstability wave.

At 5% forcing and zero angle of incidence, a second superhar-
monic is present but rapidly decays in the streamwise direction
(Fig. 12). The solutions for 0.1 and 0.5% forcing amplitudes were

0.012

0.010 ——— Fundamental
Superharmonic

0.008 |
Amp - 006
0.004

0.002

0.000

Fig. 13 Streamwise Fourier amplitude at nonlinear forcing ampli-
tude of 0.5%: F =86 X 10~ %, Re =2.4 X 103, A, =0.5%, v, =0 deg,
6:1 MSE.
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Fig. 14 Branch I receptivity coefficients as function of forcing ampli-
tude. F=86 X 10~ %, Re =2.4 X 103, atyc =0 deg, 6:1 MSE.
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Fig.15 Streamwise Fourier amplitude at nonlinear forcing amplitude
of 1.0 % for different angles of incidence of acoustic wave: F = 86 X 10~ ¢,
Re=2.4 X10°,A,. =1%, 6:1 MSE.

computed, and they differed negligibly from the linear simulations
(Fig. 13).

A summary of branch I receptivity coefficients as a function of
forcing amplitude is shown in Fig. 14. Again, the receptivity coef-
ficient is defined as the amplitude of the instability wave at branch
I normalized by the amplitude of the incident acoustic wave. A
weak nonlinearity is observed at 1% forcing. At 5% forced there is
pronounced nonlinear interaction.

The effect of angle of incidence of the acoustic wave was inves-
tigated for the amplitudes of 1 and 5% (Figs. 15 and 16). In these
simulations only the fundamental frequency was forced, and the
angle of incidence of the acoustic wave was simulated by impos-
ing a vertical component of oscillating velocity at the far field. The
results indicate the same trends as those of the linear calculations;
enhanced receptivity occurs at nonzero angles of incidence. Also,
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Fig. 16 Streamwise Fourier amplitude at nonlinear forcing ampli-
tude of 5.0% for different angles of incidence of acoustic wave:
F=86X10"% Re=2.4 X10%,A,.=5%, 6:1 MSE.

higher amplitudes are found for the superharmonics at the nonzero
angles of incidence.

IV. Conclusions

Numerical simulations of leading-edge acoustic receptivity are
performed for a flat plate with an MSE leading edge. For small
freestream amplitude the agreement between branch I receptivity
coefficients predicted from the DNS and the experiments of Saric
and White?! for acoustic waves at zero incidence is excellent. The
effectof angleof incidenceof theimpinging waveis investigatedand
found to producehigher receptivity coefficients than in the symmet-
ric case. The slope of leading-edge receptivity coefficient vs angle
of incidence of the impinging wave is found to be less than % of the
slope predictedby zero-thicknessflat-plate theory. However, there is
excellentagreementbetween the DNS and finite-nose-radiustheory
of Hammerton and Kerschen.!? These results clearly demonstrate
the importance of including the effects of the finite nose radius in
any receptivity study. Finally, downstream of the leading-edge re-
gion, LST is found to reproduce accurately the characteristicsof the
instability waves.

Nonlinearinteractions for the particular freestreamand geometry
conditionssimulated appearat forcingamplitudes greater than about
1%. The 1% forcing condition correspondsto nearly 120 dB for the
experiments performed in the Arizona State University Unsteady
Wind Tunnel. It is hard to imagine a flight condition where acous-
tic levels of this magnitude would be present. However, these (and
much higher) levelsare presentin turbineengines,and the resultscan
indicate trends for use in investigating transition in these environ-
ments. Moreover, at the higher Reynolds numbers of flight, branch
I for the various frequency solutions may be located in adverse-
pressure-gradient regions near the leading edge, and disturbances
created by lower-amplitude forcing can provide a richer content for
the transition process. This along with the enhanced receptivity at
angle of incidence indicates a possible role for nonlinearity at the
lower-amplitude forcing characteristic of flight.
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