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Direct Numerical Simulation of Leading-Edge
Receptivity to Sound
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Numerical simulations of leading-edge acoustic receptivity are performed for a � at plate with a modi� ed-super-
elliptic leading edge. For small freestream amplitude the agreement between branch I receptivity coef� cients
predicted from the direct numerical simulation (DNS) and the experiments for acoustic waves at zero incidence
is excellent. The effect of angle of incidence of the impinging wave is investigated and found to produce higher
receptivity coef� cients than in the symmetric case. The slope of leading-edge receptivity coef� cient vs angle of
incidence of the impinging wave is found to be less than 1

4 of the slope predicted by zero-thickness � at-plate
theory. However, there is excellent agreement between the DNS and � nite-nose-radius theory. These results clearly
demonstrate the importance of including the effects of the � nite nose radius in any receptivity study. Finally,
downstream of the leading-edge region linear stability theory is found to reproduce accurately the characteristics
of the instability waves. At higher freestream forcing, an instability wave generated by nonlinear interaction is
found at double the frequency of the forcing.

I. Introduction

T RANSITION in wall-bounded shear layers occurs because of
an incipient instability of the basic � ow� eld, which depends

intimatelyon subtle, and sometimesobscure,detailsof the � ow� eld.
In other words, the wall-bounded shear layer is an open system.
Disturbances in the freestream, such as sound or vorticity, enter
the boundary layer as steady and/or unsteady � uctuations of the
basic state. This part of the process, called receptivity, provides
the vital initial conditions of amplitude, frequency, and phase for
the breakdown of laminar � ow.1 – 5

Externaldisturbancescommon to the � ight environmentare typi-
cally either acousticor vortical.For a given frequencyneitheracous-
tic waves nor vortical disturbances contain a wavelength that coin-
cides with the instabilitygenerated within the boundary layer. Thus
in this case some mechanism for transferring energy from a much
longer wavelength wave to a relatively small wavelength instability
wave must exist.Thereforea properunderstandingof the receptivity
process will include proper characterization of the external distur-
bance environment, as well as an understanding of both the mech-
anisms for the transfer of energy among different wavelengths and
the effects of different disturbance environments. Detailed studies
will also show how different geometries affect the process and how
� uid properties such as Reynolds number and Mach number affect
receptivity. Characterization of the external environment includes
the wavelength and frequency spectrum of incoming disturbances.
For acoustic waves the orientation of the acoustic wave with re-
spect to the geometry is an important characteristic. For vortical
disturbances the orientation, i.e., streamwise, normal, or spanwise
or some combination, and the amplitude all play a role.

Theoretical investigations into acoustic receptivity have identi-
� ed mechanisms for the transfer of energy among disparate wave-
lengths. In the research of Goldstein,6 receptivity to acoustic waves
impingingupon a � at-plate geometry at zero angle of incidencewas
investigated.Referring to Fig. 1, the primary mechanism for trans-
ferring energy is the relatively rapid growth of the mean boundary
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layer and the associatedpressuregradientsnear the stagnationpoint.
The investigations were performed using the linearized unsteady
boundary-layer equation (LUBLE), which is a parabolic equation
and therefore conducive to less costly numerical methods. Energy
from the external disturbance environment is transferred to stream-
wise decaying eigenfunctions whose wavelength decreases as the
� ow progresses downstream. Thus, a process by which long wave-
lengths become shorter wavelengths is found in these so-called
Lam–Rott eigenfunctions.7 The Lam–Rott eigenfunctions match
onto thehigh-Reynolds-numberapproximationto the linear instabil-
ity wave solution (i.e., the Tollmien–Schlichting wave solution) far-
therdownstream6; therefore,if oneknows the amplitudeof theLam–

Rott eigenfunction, the amplitude of the instability wave down-
stream is known. Goldstein et al.8 and Heinrich and Kerschen9 cal-
culated leading-edgereceptivity coef� cients for various freestream
disturbances.Goldstein10 andGoldsteinandHultgren11 alsoshowed
that discontinuities in slope or curvature in the geometry also pro-
vide a mechanism for acoustic receptivity. Regions where surface
irregularitiesexist promote small-scale variationsof the mean-� ow
boundary layer, and therefore the mechanism is very similar to the
� at-plate case with no surface irregularity.

The preceding results apply to a zero-thickness � at plate.
Hammerton and Kerschen12, 13 extend the analysis to account for a
� nite-thicknessand curved leading edge by consideringa parabolic
geometry. The analysis is formulated to provide insight into the
effect of nose radius, an effect present in any manufacturablegeom-
etry. The Mach number and the amplitudeof the impingingacoustic
disturbance are considered to be small so that the mean-� ow pres-
sure � eld can be computed with incompressible theory. The mean
� ow is two-dimensionalandsymmetric.Lam and Rott14 generalized
their eigenfunctionsto account for arbitrary streamwise variation in
the mean � ow, and Hammerton and Kerschen12 show that their ex-
pressions are in agreement with these more general results. The
relevant parameter is the Strouhal number based on the nose radius
Str . The results of this work show that the receptivity coef� cient is
nearlyunity when the nose radius is zero and decreasesdramatically
with increasing nose radius. The receptivity coef� cient is shown to
increase with increasing angle of incidence of the acoustic wave.
Hammerton and Kerschen13 consider the small-Strouhal-number
limit. For freestreamacoustic waves at zero incidence, the receptiv-
ity is found to vary linearly with Strouhal number, giving a small
increase in the receptivity coef� cient relative to that for the � at-
plate case. However, for oblique waves the receptivity varies with
the square root of the Strouhalnumber, leadingto a sharpdecreasein
the amplitudeof the receptivitycoef� cient comparedto the � at-plate
case.
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Fig. 1 Regions of validity for disturbance equations. Here " = F1/6,
where F = !º /U2, U is the freestream speed, and ! is the frequency of
the acoustic wave.6

A leading edge with � nite curvature and thickness has been
shown to produce instability waves. Experiments in leading-edge
receptivity have shown that great care must be taken in order
to produce results that are comparable to theory and numerical
simulation.15 The very small amplitudesupstreamare not detectable
in the experiments, and the instability waves can only be measured
after signi� cant growth has occurred. However, once the amplitude
of an instabilitywave has been determineddownstream,one can use
linear stability theory (LST) to provide amplitudes in the leading-
edge region.

Numerical simulations of receptivity have provided a database
of results that clarify issues in receptivity and can be used to re-
� ne experimental procedures. One of the most important results is
that the amplitudes of the generated instability waves scale linearly
with the acoustic forcing amplitude when the forcing amplitude is
less than 1% of the freestream speed.16 Receptivity caused by sur-
face irregularities or discontinuities in curvature such as those that
exist when an ellipse is joined to a � at plate has been accurately
simulated.16 When the curvature discontinuity at the juncture of an
ellipseanda � at plate is removed,the instabilitywaveamplitudesde-
crease by more than half. Numerical simulationshave also af� rmed
that smaller nose radii produce larger leading-edgeinstability-wave
amplitudes.17 Recentdevelopments18 haveshownpromisefor the in-
vestigationof receptivityin three-dimensional� ows, which is likely
to be quite different from two-dimensional � ows.

II. Numerical Method
In the research presented here the focus is upon acoustic waves

impinging upon an elliptic-type leading edge joined to a � at plate.
Numerical simulations are conducted to examine the effect of an-
gle of incidence, frequency, and amplitude of the incoming acous-
tic wave. The simpli� ed geometry lends itself to comparison with
experimental and theoretical investigations while retaining the ge-
ometric properties, pressure gradients, and mean-� ow boundary-
layer adjustment that promote the wavelength conversionnecessary
for receptivity to occur. The discontinuity at the juncture of the el-
lipse and the � at plate is eliminatedby usinga modi� ed super ellipse
(MSE) in order to concentrate on the effects of the � nite-curvature
and � nite-thicknessleading edge.All of the simulationsare for two-
dimensional incompressiblemean � ows and disturbance solutions.
The research presented here focuses on the effects of different dis-
turbance environments by varying the properties of the impinging
acoustic wave. It is hoped that by clarifying these effects that the
understandingof the receptivityprocess is enhanced and the results
provide a basis for further investigation.

The two-dimensional incompressible Navier–Stokes equations
are cast in a stream-function/vorticity form and solved in a general-
curvilinear-coordinate system using the Modi� ed Strongly Implicit
Procedure (MSIP).19 The disturbance equations are formulated by
assuming a solutioncomposedof a linear combinationof the steady
basic state and a time-dependentperturbation.

The geometry of interest is an MSE16 leading edge attached to a
� at plate. The MSE is given by

(1 ¡ x / AR)2 + (x / AR)2
+ y2 = 1 (1)

where lengths have been nondimensionalized with the half-
thicknessof the plate. Examining this equation,at x =0 (upstream-
most point of the geometry) the exponent is the same as a normal
ellipse and becomes cubic as we approach the � at-plate juncture
at x = AR. This variation allows for continuous curvature at the

� at-plate/leading-edge juncture. Therefore the receptivity mecha-
nism predicted by Goldstein10 and Goldstein and Hultgren11 and
found by Lin et al.16 at a point of discontinuous curvature will not
be present in the simulations, thus allowing the focus to be on the
leading edge.

Both a hyperbolicorthogonal and a body-intrinsicgrid generator
were formulated. The body-intrinsic scheme generated a grid that
was just as orthogonalas the hyperbolicgeneratorto within the trun-
cation error of the hyperbolic scheme. Because the body-intrinsic
generatorwas more computationallyef� cient in both CPU time and
RAM, it was used to generate the grids. Grid points were densely
clustered near the surface and leading edge of the geometry.

Proper selection of boundary conditions is important for the nu-
merical solution of the governing equations. On the solid-surface
boundary no-slip and no-penetration conditions are imposed. The
far-� eld boundaryconditionsare imposedas velocityboundarycon-
ditions. For the basic-state calculations the inviscidvalues of veloc-
ity are computed from a panel code. For the disturbance calcula-
tions a time-periodic velocity � uctuation is imposed. By doing so
we model the acoustic wave as an in� nite-wavelengthdisturbance.
This near-� eld condition assumes that the wavelength of the acous-
ticwave is much longerthan the extentof thecomputationaldomain,
which is true when the Mach number is suf� ciently small.

As a result, for the disturbanceequations a truncated Fourier ex-
pansion in time is then assumed for the perturbation.The expansion
is made in multiples of the forcing frequency.This results in a cou-
pled set of nonlinearsteady complex equations.The advantagewith
this set of equations is that it does not require marching the solution
forward in time as would be requiredwith the usual time-dependent
equations. The solutions are brought to steady state, and solutions
for all time are retrievable by recomposing the Fourier series. The
Fourier expansion in time also lends itself to a coarse-grain paral-
lelism.

When traveling waves are present, the solution may be cor-
rupted by the waves re� ecting off an ill-posed out� ow boundary.
The buffer-domain technique used is similar to that of Mittal and
Balachandar.20 In this technique the streamwise diffusion terms in
the vorticity-transportequation are multiplied by a coef� cient that
exponentially decays to zero with increasing streamwise distance
within a buffer zone appended to the domain downstream. The co-
ef� cient has the form

fBZ = exp[ ¡ c (x̂) b ], x̂ =
cosh(x) ¡ cosh(x0)

cosh(xe) ¡ cosh(x0)
(2)

where x0 and xe represent the streamwise locationsof the beginning
and end of the buffer domain, respectively.The buffer-zone param-
eters used in these simulations were c =40.0 and b =1.4. This
technique causes the vorticity-transport equation to become con-
vectively dominated in the streamwise direction within the buffer
domain. Solutions within this buffer domain are not physically cor-
rect. The lengthof the bufferdomain LBZ is typicallyon the orderof
two to four disturbance wavelengths. In following sections studies
are shown that ensure the solution is independent of the length of
the domain and the buffer-zone parameters.

The out� ow-boundary conditions were chosen to be compatible
with the buffer-zonetechnique.The secondderivativesof the depen-
dent variables with respect to the streamwise direction were set to
zero. For the basic-state calculations no buffer zone was necessary
because the solution has no traveling waves that could re� ect from
the out� ow boundaries. However, to ensure compatibility with the
disturbanceequations, the buffer zone was implementedin the basic
state and found to haveno discernibleeffect on either the basic-state
or the disturbance solution.

III. Results
Acoustic leading-edgereceptivity on an MSE connected to a � at

plate is investigatedby direct numerical simulation (DNS). The ef-
fects of frequency, forcing amplitude (both linear and nonlinear),
and angle of incidence of the impinging acoustic wave are investi-
gated.

Unless otherwise indicated,the simulationsare conductedaround
the baseline case of a 1) 6:1 MSE at Reynolds number 2.4 £ 103

based on plate half-thickness L and freestream speed U , 2)
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Fig.2 Comparisonof computationallyand experimentallydetermined
pressure coef� cient for 40:1 MSE (experiment: Saric and White21).

Fig. 3 Wall vorticity for different grids and far-� eld and out� ow-
boundary locations: Re = 2:4 £ £ 103 , 6:1 MSE.

freestream forcing amplitude normalized with U of Aac =1%, and
3) nondimensional frequency of F =86 £ 10 ¡ 6 (F = x m / U 2 , and
x is acoustic-wavefrequency).

A. Basic-State Solutions
A typical C-grid was used with the grid clustered toward the

surface and also toward the stagnation point. Care was taken to
ensure that the grid had no discontinuitiesin the metric coef� cients.
Computing the term (n x g x + n y g y), which is zero for an orthogonal
grid, shows that a maximum value of 2.41 £ 10 ¡ 5 was attainednear
the stagnationpoint for a 600 £ 100 grid. This value decreasedwith
increasing grid sizes.

The inviscid � ow� eld was computed using a doublet panel code.
The code does not impose a Kutta conditionand therefore is invalid
for plates that produce lift. A comparison of the pressure coef� -
cient with the experiments of Saric and White21 on a 40:1 MSE is
shown in Fig. 2. The excellent agreement between the experimen-
tally measured pressure coef� cient and the numerically determined
coef� cient is caused by the extensive care taken in the experiment
to provide a comparison with the numerical simulations.

The basic-state solution is computed using the full two-
dimensional incompressibleNavier–Stokes equations in a general-
curvilinear-coordinate system. Grid studies were performed to en-
sure that convergence of the correct solution has been achieved.
Figure 3 shows the basic-statewall vorticity as a function of x for a
6:1 MSE at a Reynolds number of 2.4 £ 103 for differentgrid sizes.
Here the basic-state stagnation point is located at x =0 and y =0,
and the juncture of the MSE and the � at plate is located at x =6
and y =1. The basic-state solution with a grid size of 600 £ 100 is
indistinguishablefrom the 1200 £ 200 grid-size solution (to within
the truncation error of the 1200 £ 200 grid). The rapid rise of wall
vorticity near the stagnation point is well resolved, and the wall
vorticity approachesthe Blasius values downstream in the � at-plate
region of the � ow. The location of the far-� eld boundary has been
investigatedto ensure that the solution is independentof its location.
A distance of 10 units from the surface of the plate was found to be
acceptable for the far-� eld boundary.

B. Disturbance Calculations
The disturbance calculations were performed using the MSIP

method. Because the equations are a set of steady, complex equa-
tions, care must be taken to ensure that no spuriouswave re� ections

Fig. 4 Complexpolar plot of Fourier coef� cient of streamwise velocity.

from the out� ow boundaryare present. In addition,because the am-
plitudesof the instabilitywaves near branch I have small amplitude,
one must ensure that the waves are adequately resolved by proper
grid studies and examinations of the truncation error.

1. Decomposition Technique
The solutionof the disturbanceequationscontainsboth a Stokes-

wave solution and an instabilitywave. Because we are interested in
the transfer of energy from the acousticwave to the instabilitywave,
it is necessary to separate these two solutions by taking advantage
of the differences between them. The Stokes-wave solution has a
very long wavelength and much higher phase speed as compared to
the instability wave. Wlezien22 proposed the following method for
decomposing these two solutions:

1) Decompose the time-domain solution into a Fourier coef� -
cient. For the solutions presented here this step has already been
performed. If one were running an unsteady code, then sampling
over several time periods must be performed.

2) Sample points over several instability wavelengths in the
streamwise direction at a constant height from the plate. For these
calculationsstreamwise velocity was the sampled quantity because
it is typically the quantity measured in the experiments.

3) At each streamwise location calculate the relative phase and
amplitude and plot in the complex plane. A representative plot of
this step is shown in Fig. 4.

Because the phaseandamplitudeof the Stokes wave are relatively
constantover severalwavelengthsof the instabilitywave, decompo-
sition is possible.A vectordrawn to the center of the spiral shown in
Fig. 4 represents the amplitude and phase of the Stokes wave. The
decaying spiral (in this case, because the locations are upstream of
branch I of the neutral stability curve) represents the amplitude and
phase of the instabilitywave. By computing the radius of curvature,
one may extract the amplitude of the instability wave as a function
of the streamwise distance. In addition, derivatives of the phase in
the streamwise direction give the wave number. Accurate decom-
positionof the instabilitywave depends on the phase and amplitude
variations of the Stokes wave being much smaller than those of the
instability wave.

Near the stagnationpoint it is not the case that the phase and am-
plitude of the Stokes wave are relatively constant in the streamwise
direction.Localpressuregradientscausedby the � nite thicknessand
curvature of the leading edge modulate the amplitude and phase of
the Stokes wave in such a way as to be indistinguishable from the
variation of the instability wave, and therefore this decomposition
technique fails in this region.

2. Linear Calculations
In earlier numerical investigations for small forcing amplitudes,

the linearizeddisturbanceequationsare the proper governingequa-
tions. The advantage in using the linearized disturbance equations
is that they are signi� cantly simpler to solve than the nonlinear dis-
turbance equations because the equations may be solved for single-
mode solutions.
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Fig. 5 Disturbance wall vorticity for different grids and buffer-zone
parameters. x¤ is dimensional streamwise location: F = 86 £ £ 10¡ 6,
Re = 2:4 £ £ 103, 6:1 MSE.

Fig. 6 Comparing wave numbers from DNS and LST: F = 86 £ £ 10¡ 6,
Re = 2:4 £ £ 103, 6:1 MSE.

The simulationsperformedhereare donewith the followinggoals
in mind:

1) Provide comparisons with LST to ensure that the solution re-
tains the correct physics.

2) Investigate the effect of incidence angle on receptivity in or-
der to compare with the � ndings of Heinrich and Kerschen9 and
Hammerton and Kerschen.12

Symmetric calculations. For most of thecalculationsin this sec-
tion, a planar acousticwave impingingupon a 6:1 MSE at zero inci-
dence angle is simulated. The Reynolds number in these cases was
2.4 £ 103 , correspondingto theexperimentalconditionsofSaric and
White21: a freestream speed of 8.6 m/s with a plate half-thickness
of 4.8 mm.

Grid studies were performed to ensure that the solution was re-
solved. The length of the buffer domain was varied to ensure the
solution was independent of this parameter. Also, the buffer-zone
parameterswerevariedto ensuretheir independence.Figure5 shows
the disturbance wall vorticity for several grid sizes, buffer-domain
lengths, and buffer-domain parameters. Once again the solutions
contain only negligible differences between the 600 £ 100 and the
1200 £ 200 grid. The buffer zone length of 20 units is found to be
adequate for preventingwave re� ection in this case. The locationof
the beginning of the buffer domain is x0 =80.0.

At the frequencies modeled the branch I locations of the neu-
tral stability curve are within the buffer region. Because solutions
are not physical in the buffer region, LST is used to extrapolate the
receptivitycoef� cients to their values at branchI. Because this tech-
nique is used, it is important to show that the solutions downstream
are in fact governed by LST. The growth rates were computed from
theory using the numerically determined basic state. Derivatives
of the decomposed phase were taken to � nd the wave numbers in
the numerical solutions.Comparisons of wave numbers and growth
rates between DNS and LST are shown in Figs. 6 and 7. As can
be seen from the � gures, the wave numbers and growth rates are
well predicted by LST downstream of the leading edge. Compar-
isons further upstream in the leading-edge region are problematic
because the decomposition technique itself breaks down there.

Branch I receptivity coef� cients were obtained for a range of fre-
quencies. For example, the values obtained for both a 6:1 and 20:1

Table 1 Branch I receptivity coef� cients for multiple
frequencies as predicted by DNS and compared with the

experiments of Saric and White21

KI

6:1 MSE 20:1 MSE 20:1 MSE
F £ 106 DNS DNS experiment

80 0.0030 —— ——
82 0.0030 0.048 0.050
84 0.0031 0.048 0.050
86 0.0032 0.048 0.050
88 0.0033 —— ——
90 0.0034 —— ——

Fig. 7 Comparing growth rates from DNS and LST: F = 86 £ £ 10¡ 6,
Re = 2:4 £ £ 103 , 6:1 MSE.

MSE are contained in Table 1; the 20:1 geometry is included for
comparison with the experiments of Saric and White.21 The recep-
tivity coef� cient KI here is de� ned as the amplitudeof the instability
wave at branch I of the neutral stability curve divided by the am-
plitude of the incident acoustic wave. The receptivity coef� cients
have been extrapolated downstream from the numerical results by
using LST. The amplitude of the instability wave was taken at its
maximum absolute value within the boundary layer after decom-
posing using the method just presented.Within the limited range of
frequency sampled, the results of the numerical simulations show
no signi� cant variation. The agreement between the computations
and the experiment is excellent, and we conclude that each validates
the other.

The resultsof Haddadand Corke17 show that the leading-edgere-
ceptivitycoef� cient has a valueof approximately0.47 for a Strouhal
number of 0.01, based on the nose radius (which is the value in
the present numerical simulations). In the theoretical results of
Hammerton and Kerschen,12 the leading-edge receptivity coef� -
cient is found to be nearly unity. In the present simulationsthe value
of the receptivity coef� cient at an x location (x =4.8) of 1

2 the
wavelength of the associated instability wave (which represents a
distance based on the hydrodynamic length scale U / x of approxi-
mately unity) compares well with the theoretical results, predicting
a leading-edgevalue of approximately0.75. Here LST was applied
to the basic-state solutions upstream of x =10 and growth rates in-
tegrated to estimate the receptivity coef� cient at x =4.8. Note that
x =10 is downstream of the juncture, although care was taken in
the use of the MSE to provide continuous curvature there.

Observation. In trying to do these comparisons for leading-edge
receptivity coef� cients, certain dif� culties arise. Uncertainty exists
in the DNS (and experiments) in the choice of streamwise loca-
tion in the leading-edge region at which the amplitude should be
sampled for comparison with the asymptotic theory. Moreover it is
often dif� cult to make direct leading-edgemeasurements in an ex-
periment because of the scales involved and to separate the Stokes
wave from the instability in the DNS in the leading-edge area be-
cause both exhibit variation on similar streamwise length scales.
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Fig. 8 Amplitudes of decomposed disturbance for different angles of
incidence (®ac in degrees) of acoustic wave: F = 86 £ £ 10¡ 6 , Re = 2:4 £ £
103 , 6:1 MSE.

Fig.9 Leading-edgereceptivity coef� cient as function ofacousticangle
of incidence (in degrees). Theoretical results of Heinrich and Kerschen9

are for zero-thickness � at plate at freestream Mach number M = 0:01.
DNS results are for F = 86 £ £ 10¡ 6, Re = 2:4 £ £ 103 , 6:1 MSE.

Consequently, in the present DNS we extrapolated LST forward
to x =4.8 for the qualitative comparison. These problems are re-
moved when the receptivity coef� cient is based on branch I results,
as is seen in the precedingparagraphdescribing the straightforward
and quantitative comparison between DNS and the experiments.
Branch I is unambiguous,and we recommend that the standarddef-
inition of receptivity coef� cient be based on it, especially to aid the
community in the evaluationof different theoriesand numerical and
experimental methods in the prediction of receptivity.

Nonsymmetric calculations. Acoustic waves impinging upon
the plate at anglesof incidence a ac were investigated.The numerical
far-� eld boundary condition in the disturbancecalculation is modi-
� ed to include a normal component of the velocity oscillation.This
effectively changes the angle of incidence of the impinging acous-
tic wave. The basic-state solution remains at zero angle of attack.
Because the � ow� eld is no longer symmetric, the full domain must
be computed. An oblique acoustic wave causes small-amplitude
motion of the stagnation point and thus introduces a small vertical
component of velocity at the leading edge. The far-� eld boundary
location and buffer-zone parameters are systematically varied to
show invariance of the numerical solution.

The amplitudes of the instability waves are decomposed from
the Stokes-wave solution in an identical manner as the preceding
symmetric calculations.Figure 8 depicts the change in amplitude as
the angle of incidence of the acoustic wave is increased.The decay
of the instability is nearly the same as the zero-incidencecase and is
well predicted by LST in regions downstream of the leading edge.

Valuesof the leading-edgereceptivitycoef� cient for differentan-
gles of incidence are determined and plotted in Fig. 9. Once again,
the decomposition technique is not valid in this region, and the am-
plitudes are found by extrapolatingusing LST. The nondimensional
wavelength (based on the half-thickness of the MSE) is approxi-
mately 10. Plotted in this same � gure are the results of Heinrich
and Kerschen.9 As can be seen, there is an increase in the recep-
tivity coef� cient with increasing angle of incidence but at a much
smaller rate than that predictedby this theory for the zero-thickness
� at plate. The slope of the increase in receptivityfor the DNS is ap-
proximately 0.15, whereas that predictedby Heinrich and Kerschen

is approximately 0.65. Therefore the DNS predicts a slope of less
than 1

4
of the slope predicted by this theory.

A comparison with the � nite-nose-radius theoretical results of
Hammerton and Kerschen12 shows much more encouragingresults.
The Strouhal number based on nose radius for the present simu-
lations is 0.01, and Hammerton and Kerschen13 point out that the
asymptotic results for small Strouhal number do not apply. Because
we are dealingwith very low Mach numbers, the results for reduced
acoustic frequency

k = x b/ c ¿ 1 (3)

are applied. Here b is the airfoil semichord, and c is the speed
of sound. In other words, the acoustic wavelength is long not only
comparedto thehydrodynamiclengthscaleU / x , but also compared
to the airfoil chord. From Eqs. (4.3) and (4.9) in Hammerton and
Kerschen,12 the leading-edge receptivity coef� cient is de� ned as

C1(Str , a ac) = cos a acCs(Str ) + a
1
2 sin a acCa (Str ) (4)

Here Cs and Ca are the symmetric and antisymmetric components
of the receptivity coef� cient, and a = x b/ U is the aerodynamic
reduced frequency.For the present geometry and freestream condi-
tionsU / x =4.8 in unitsofplatehalf-thickness,andStr =0.01based
on nose radius. From Figs. 4 and 5 of Hammerton and Kerschen,12

the following values are predicted:

j Cs j = 1, arg Cs = 0.67p

j Ca / Cs j = 4.9, arg (Ca / Cs) = 0.2 p (5)

It is dif� cult for us to determinea precisevalue for a becauseour ge-
ometry is semi-in� nite in the downstreamdirection.Per Hammerton
and Kerschen12 the following condition must be satis� ed in order
that their local expansion of the thickness distribution for an airfoil
with a rounded leading edge of radius rn be valid:

b/ L = (L / rn ) (6)

Satisfying the strict equality of Eq. (6) puts our trailing edge far
downstream at x =40 in units of half-thickness (away from the in-
� uence of the leading edge) and suggests the calculation be done
for a value of a =4.1. This value gives the comparison shown in
Table 2. The agreement is excellent for the range of small incidence
angles investigated(0–15 deg) and (comparingwith the poor agree-
ment in Fig. 9) clearly demonstrates the importanceof including the
effects of the � nite nose radius in any receptivity study. (A compar-
ison with Haddad and Corke17 is not possible because,not only was
their wave at incidence, but also their basic state.) Our de� nition of
a was becauseour geometry was semi-in� nite and would need to be
veri� ed for larger incidence angles. Also, to study higher incidence
angles (up to 180 deg) would likely necessitate the use of a � nite
body.

3. Nonlinear Calculations
In the nonlinear simulations for large-amplitude Aac freestream

disturbances, a master-slave parallel virtual machine code is used
to generate solutions more ef� ciently. The coarse-grainparallelism
present in the Fourier-decomposeddisturbance equations lends it-
self well to computers with a small number of very large processors
in a shared-memoryenvironment.Grid-convergencestudiesare per-
formed, and the number of frequencies was doubled to ensure the
solutionwas independentof the numberof frequencies(see Fig. 10).

Table 2 Leading-edge receptivity coef� cients for
various incidence angles as predicted by DNS and

compared with the � nite-nose-radius theory of
Hammerton and Kerschen12

a ac , deg C1 DNS C1 theory

0 0.75 1.0
5 1.3 1.8
10 2.1 2.6
15 3.2 3.4
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Fig. 10 Disturbance wall vorticity for fundamental frequency and
superharmonic on two different grids: F = 86 £ £ 10¡ 6, Re = 2:4 £ £ 103,
Aac = 1%, ®ac = 0 deg, 6:1 MSE.

Fig. 11 Growth rates from DNS compared with LST for nonlinear
calculations: F = 86 £ £ 10¡ 6, Re = 2:4 £ £ 103 , Aac = 1%, ®ac = 0 deg, 6:1
MSE.

Fig. 12 Streamwise Fourier amplitude at nonlinear forcing ampli-
tude of 5.0%: F = 86 £ £ 10¡ 6 , Re = 2:4 £ £ 103 , Aac = 5%, ®ac = 0 deg,
6:1 MSE.

At 1% freestreamforcing and zero angle of incidence,an instability
wave generated by nonlinear interaction was found at double the
frequency of the forcing. This superharmonic was found to grow
at the branch I location (x =25) predicted by LST for the dou-
bled frequency (Fig. 11). The amplitude of the superharmonic was

(10 ¡ 4), which corresponds to the square of the forcing amplitude.
However, becausethe fundamental-frequencysolutiondecays in the
computationaldomain and the superharmonicgrows, the superhar-
monic dominated the fundamental-frequency solution in a region
downstream of the leading edge. Further downstream, for these ex-
perimental conditions the superharmonic decayed again (branch II
at x =83) and had negligible amplitude at the branch I location
(x =95) of the fundamental-frequencyinstability wave.

At 5% forcing and zero angle of incidence, a second superhar-
monic is present but rapidly decays in the streamwise direction
(Fig. 12). The solutions for 0.1 and 0.5% forcing amplitudes were

Fig. 13 Streamwise Fourier amplitude at nonlinear forcing ampli-
tude of 0.5%: F = 86 £ £ 10¡ 6, Re = 2:4 £ £ 103, Aac = 0:5%, ®ac = 0 deg,
6:1 MSE.

Fig. 14 Branch I receptivity coef� cients as function of forcing ampli-
tude. F = 86 £ £ 10¡ 6, Re = 2:4 £ £ 103 , ®ac = 0 deg, 6:1 MSE.

Fig. 15 Streamwise Fourier amplitude at nonlinear forcing amplitude
of1.0%fordifferent anglesof incidence of acousticwave:F = 86 £ £ 10¡ 6,
Re = 2:4 £ £ 103 , Aac = 1%, 6:1 MSE.

computed, and they differed negligibly from the linear simulations
(Fig. 13).

A summary of branch I receptivity coef� cients as a function of
forcing amplitude is shown in Fig. 14. Again, the receptivity coef-
� cient is de� ned as the amplitude of the instability wave at branch
I normalized by the amplitude of the incident acoustic wave. A
weak nonlinearity is observed at 1% forcing. At 5% forced there is
pronounced nonlinear interaction.

The effect of angle of incidence of the acoustic wave was inves-
tigated for the amplitudes of 1 and 5% (Figs. 15 and 16). In these
simulations only the fundamental frequency was forced, and the
angle of incidence of the acoustic wave was simulated by impos-
ing a vertical component of oscillatingvelocity at the far � eld. The
results indicate the same trends as those of the linear calculations;
enhanced receptivity occurs at nonzero angles of incidence. Also,
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Fig. 16 Streamwise Fourier amplitude at nonlinear forcing ampli-
tude of 5.0% for different angles of incidence of acoustic wave:
F = 86 £ £ 10¡ 6, Re = 2:4 £ £ 103 , Aac = 5%, 6:1 MSE.

higher amplitudes are found for the superharmonics at the nonzero
angles of incidence.

IV. Conclusions
Numerical simulations of leading-edge acoustic receptivity are

performed for a � at plate with an MSE leading edge. For small
freestream amplitude the agreement between branch I receptivity
coef� cients predicted from the DNS and the experiments of Saric
and White21 for acoustic waves at zero incidence is excellent. The
effectof angleof incidenceof the impingingwave is investigatedand
found to producehigher receptivitycoef� cients than in the symmet-
ric case. The slope of leading-edge receptivity coef� cient vs angle
of incidence of the impinging wave is found to be less than 1

4
of the

slopepredictedby zero-thickness� at-platetheory.However, there is
excellentagreementbetween the DNS and � nite-nose-radiustheory
of Hammerton and Kerschen.12 These results clearly demonstrate
the importance of including the effects of the � nite nose radius in
any receptivity study. Finally, downstream of the leading-edge re-
gion,LST is found to reproduceaccurately the characteristicsof the
instability waves.

Nonlinear interactionsfor the particular freestreamand geometry
conditionssimulatedappearat forcingamplitudesgreaterthan about
1%. The 1% forcing condition correspondsto nearly 120 dB for the
experiments performed in the Arizona State University Unsteady
Wind Tunnel. It is hard to imagine a � ight condition where acous-
tic levels of this magnitude would be present. However, these (and
muchhigher) levelsarepresentin turbineengines,and the resultscan
indicate trends for use in investigating transition in these environ-
ments. Moreover, at the higher Reynolds numbers of � ight, branch
I for the various frequency solutions may be located in adverse-
pressure-gradient regions near the leading edge, and disturbances
created by lower-amplitude forcing can provide a richer content for
the transition process. This along with the enhanced receptivity at
angle of incidence indicates a possible role for nonlinearity at the
lower-amplitude forcing characteristicof � ight.
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